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ABSTRACT: Recent data by Hassager and co-workers [Bach et al. Macromolecules 2003, 36, 5174] of
elongational viscosity of nearly monodisperse polystyrene melts are interpreted by including in the classical
tube theories for entangled polymer dynamics an interchain repulsive contribution. The proposed theory
predicts the observed power law of 7 vs € in a straightforward way and qualitatively explains the observed
scaling with the polymer molecular mass. Possible generalizations are discussed.

1. Introduction

The complex rheological behavior of entangled poly-
meric liquids has been investigated for many decades,
both experimentally and theoretically. In recent times,
however, what might perhaps be called a “standard
model” has gained a diffused consensus, at least for the
most common case of linear (as opposed to branched)
polymer chains.

Such a standard description can be summarized as
follows. The basis is the now well-known tube model of
Doi and Edwards,! which includes the following items:
(i) the tube (representing the constraints exerted on a
given chain by the surrounding ones), the axis of which
deforms affinely with the continuum, while the diameter
stays constant; (ii) an instantaneous retraction of the
chain within the tube so as to maintain a constant tube
length; (iii) a relaxation (randomization) of the tube
conformation through the 1D diffusion of the chain out
of the old tube, a process named reptation by de
Gennes.? In the Doi—Edwards model the chain tension
has a constant value of 3kT/a, where KT is thermal
energy and a is tube diameter (the entanglement mesh
size). The stress tensor is calculated from the ensemble
average [(FRCJwhere R is the end-to-end vector of a tube
segment and F is the traction force in the corresponding
subchain. Since F = 3kT/a is a constant in the basic
model, stress is due only to the flow-induced orienta-
tional anisotropy of tube segments.

Improvements of the basic model are best described
by distinguishing contributions affecting viscoelasticity
in general from those only relevant to the nonlinear
response. To the first category belong (i) chain-end
fluctuations,® which among other things explain the
observed 3.4 power law of the viscosity as opposed to
the third power predicted by the bare reptation mech-
anism, and (ii) constraint release due to thermal motion
of the surrounding chains* which is particularly impor-
tant in polydisperse situations. Since these effects
contribute additional relaxation, they reduce the stress
with respect to the prediction of reptation only.

Mechanisms that become operative, or even domi-
nant, in the nonlinear range (large and fast deforma-
tions or fast flows) are chain stretch®> and convective
constraint release (CCR).6 Chain stretch increases the
tension in the chain above the equilibrium value 3kT/a
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and hence increases the stress. However, chain stretch
is due to friction of the chain retracting within its tube,
and hence it is predicted to occur only when the velocity
gradient of the flow exceeds the reciprocal Rouse time
tr Of the chain, i.e., in very fast flows. Conversely, CCR
becomes operative as soon as the velocity gradient
exceeds the reciprocal reptation (or tube disengagement)
time 74, the ratio t4/tr being of the order of the number
of entanglements per chain. Although CCR is an ad-
ditional relaxation mechanism, it may work in the
direction of increasing the stress. This happens specif-
ically in shear flows, where tube alignment in the shear
direction at shear rates above the reciprocal reptation
time (i.e., when reptation is effectively frozen) would
cause the shear stress to approach zero; CCR prevents
this to occur as it contributes to tube randomization in
proportion to the shear rate itself, hence maintaining
the shear stress at a plateau value.”

Models that include both CCR and chain stretch were
progressively developed®~12 and successfully compared
with several data in the nonlinear range. Agreement
has been deemed sufficiently satisfactory as to consider
the standard model virtually definitive.12 To complete
our summary, however, it must be mentioned that an
aspect of the standard model has been frequently
challenged, namely the constant tube diameter. It has
been repeatedly suggested that tube diameter and
distance between entanglements should be affected by
deformation,’3~17 and recently a systematic analysis of
the tube behavior in entangled rubbers has been carried
out.18 There is a growing consensus that tube diameter
effects should be somehow accounted for also in en-
tangled polymeric liquids.'?

In this paper we start from the recent experiments
of elongational flow performed by Bach et al.’® that, in
our opinion, reveal a nontrivial crisis of the standard
model. In the next section we review these findings,
showing that the concepts generally accepted prove
unable to explain those observations. Then, in the
following sections we propose a possible interpretation
based on a simple way of accounting for tube diameter
change that appears physically sensible. A final discus-
sion and perspectives of future work conclude the paper.

2. Elongational Viscosity

Before reviewing the data for monodisperse melts
reported by Bach et al.,*® let us recall what the standard
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Figure 1. Steady-state elongational viscosity vs elongation
rate ¢ as predicted by standard molecular theories of entangled
polymers. From the Trouton value 37, at low ¢, the viscosity
first decreases as 1/¢ and then increases again when chains
stretch out.

model would predict for the elongational viscosity 7 in
steady uniaxial elongational flow of a monodisperse
polymer. Figure 1 shows schematically this prediction
in the form of a logarithmic plot of 7 vs the stretching
rate ¢.

At low values of ¢, i.e., as long as ¢ remains smaller
than 7471, the polymeric liquid maintains the equilib-
rium structure, and the viscosity is constant at the
Trouton value (region | in Figure 1). When é becomes
larger than z4~! (yet smaller than 7r™1), reptation is
effectively frozen, and tubes orient parallel to the
elongation direction. Because chains are not stretched,
and therefore carry the equilibrium tension 3kT/a, the
stress saturates together with the orientation of the
tubes. For a full orientation of the tubes, the normal
stress difference in the elongation direction becomes o
= 3vkTL/a, where v is the number of chains per unit
volume and L is the tube length. Then, since o is a
constant in this range of ¢, the elongational viscosity
el = olé scales as ¢! (region 11 in Figure 1). Notice that,
although CCR makes the tubes to fluctuate about the
elongation direction (somewhat reducing the stress from
the value o = 3vkTL/a), still o is predicted to remain
constant in this region and hence 7 to scale as ¢ 1.
Finally, when ¢ is comparable to (or larger than) the
reciprocal Rouse time g1, chains stretch out, and this
behavior results in an upturn of ¢ (region 111 in Figure
1). The elongational viscosity ultimately saturates when
the chains become fully stretched (region 1V).

The scaling of the relevant quantities in Figure 1 with
the molecular mass M of the polymer is as follows. The
equilibrium Trouton value of 7, as well as the reptation
time 74, scales as M34. The constant value of ¢ in region
Il is independent of M, just like the plateau modulus.
Indeed, 3vkTL/a differs from the plateau modulus only
by a numerical factor. As is well-known, the Rouse time
7r scales like M2, Finally, the value of 7 corresponding
to fully stretched chains also scales like M2, and hence
it can be larger or smaller than the Trouton value,
depending on M.

Predictions of the standard model as depicted in
Figure 1 have been recently compared with data of
entangled polymeric solutions, and a generic good
agreement has been found.?°=22 Indeed, the steady-state
viscosity shows a nonmonotonic behavior as predicted
in Figure 1; i.e., it first decreases with increasing ¢ and
then goes through a minimum to increase again after
that. Moreover, the location of the minimum seems
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Figure 2. Same as in Figure 1 together with data of Bach et
al., showing that the standard theory does not seem to apply
to polymer melts.

consistent with the estimate for the Rouse time.20:21
However, in view of the considerations developed in the
next sections, it seems important to report a sentence
of the Conclusions section of the paper by Bhattacharjee
et al.2® whereby, after comparing polystyrene solution
data to various detailed models (variants of the standard
model), the authors conclude: “Specifically, the steady
state predictions for the extensional viscosity are lower
than the data in all cases, and are lower by large
amounts depending on the strain rate that is chosen”.

In the case of molten polymers (as opposed to solu-
tions), the experimental determination of steady-state
values of the elongational viscosity is a more difficult
task, and the few values reported in past years were
typically obtained for commercially relevant, polydis-
perse polymers and hence difficult to compare with
theory. The recent data of Bach et al.’® seem to
constitute the first results that can be used unequivo-
cally. While referring to the original reference for all
details, we here discuss the main aspects of those
results. The new curve in Figure 2 (new with respect to
Figure 1) is a schematic representation of one set of data
obtained by Bach et al. (polystyrene of mass 200K,
reported in their Figure 6).

Two aspects of these data are worth of note. The first
of them is that, although 7. appears to depart from the
Trouton value at the right place (¢ = 7471), it then
decreases approximately as ¢ 12 (instead of ¢~1) for more
than 2 decades in ¢. The second aspect is that the data
seem to go well beyond ¢ = g~ without showing any
sign of an upturn. Departure from the prediction of the
standard model could not be more dramatic. Region Il
has a drastically different behavior (slope —1/; instead
of —1), and regions 111 and IV do not seem to be reached.

The second set of data of Bach et al. (polystyrene of
mass 390K) show a similar behavior, confirming the
vast discrepancy. Moreover, the stress o in region Il
(which in the standard model is a constant independent
of M) is actually found to depend on M. Bach et al. show
that the two sets of data (PS 200K and 390K) collapse
into a single line if o/M is plotted vs ¢ or, equivalently
(in view of the 1/, slope), if o is plotted vs ¢éM?2 or vs étg.

The apparent crisis of the standard model is recog-
nized by Bach et al. themselves, who note in the
Discussion section of their paper that the stress “is well
above ... the maximum stress obtained by orientation
according to the basic DE model”, taking this as “... a
signature of substantial chain stretching”. Yet such an
apparent stretching starts in region Il well below the
reciprocal Rouse time, generating a stress that grows



3936 Marrucci and lanniruberto

with a mysterious one-half power law of ¢, and continues
into region 111 with “... no sign of changes in qualitative
behavior when the nondimensional elongation rate (ézg)
is of order unity”.

Although the data of Bach et al. are the first of their
kind, and future confirmations are certainly welcome,
we tend to believe that they cannot be treated as mere
accidents. The observed simple scaling of stress with
both ¢ and M in region Il is strongly suggestive that
some new physical effect is dominant in that range. In
the next sections, we advance a suggestion on what such
a physical ingredient could be.

3. Pressure of the Chain in the Tube

It is commonly accepted that polymer chains develop
traction forces of thermal origin when they are con-
strained. Thus, it is well-known that if an ideal chain
is fixed at the ends, at a distance R, the force is given
by F = (3kT/nb?)R, where n and b are the number and
length, respectively, of the Kuhn segments forming the
chain. The equilibrium traction force of the chain in the
tube, F = 3kT/a, is but a special application of the same
formula for nb? = a? and R = a.

However, chains confined in a box also exert a
thermal pressure on the confining wall. If the box
dimension in the x-direction, say, is smaller than the
chain size, then the pressure exerted by the chain on
the wall orthogonal to the x-direction is given by23

b

2
X

<5

Py = 1)

W[,
|2

where N is the total number of monomers in the chain,
Ly is the box dimension along x and V is the box volume.

Let us consider the tubes of the entangled system in
the range of ¢ values corresponding to region Il in Figure
1. Because reptation is suppressed, the tubes are nearly
parallel to the stretching direction (z-axis, say). Hence,
in the z-direction there is the classical chain traction
3kT/a. However, by using eq 1, with Ly ~ a and V ~
a2L (where L is tube length), we also calculate a thermal
pressure exerted on the “tube wall” in the x and y
directions, given by

Nb?
p 4 ( )

(Here and in the following the symbol ~ indicates that
numerical coefficients of order unity are ignored.)
Multiplication of p to the lateral surface area of the tube,
alL, gives the overall compressive force F exerted by the
chain in the x and y directions:

2
F~ kT'\;—B 3)

The force F is interpreted as acting against the
topological constraints of the chain (the “tube wall”) and
will be used in the next section to develop a dynamical
equation for the tube diameter a. Here it is used to
calculate the macroscopic normal stress components in
the x and y directions, given by

2
~ —vkT % (4)

Y a
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where v is the number of chains per unit volume and
the negative sign indicates compression. Equation 4 is
obtained from eq 3 in the classical way, i.e., by consider-
ing that (since all tubes are aligned in the z-direction)
a cut orthogonal to the x (or y) direction will intercept
all chains contained in a slab of thickness a (and none
outside), hence, per unit area of the cut, a number of
chains equal to v a, all of them exerting the force F of
eq 3.

Similarly, since in the z-direction all tubes are of
length L, and all chains carry the same traction of order
kT/a, one obtains

2
0,, ~vL KT i N (5)
a a2

where the latter equality assumes that the chain
remains equilibrated within the tube and hence that the
linear monomer density remains proportional to the
tube diameter (N/L = a/b?).1

Except for the sign, eqs 4 and 5 are the same
expression (but compare the Appendix for numerical
coefficients, here ignored, that become important when
comparing different elongational flows). Hence, the
relevant normal stress difference can also be written
as

2
0= 0,y — g~ VKT N ©)
a

In this expression for the elongational stress, all quanti-
ties remain constant during flow, with the possible
exception of the tube diameter a. Indeed, the expression
in eq 6 was used previously by others, notably by
Wagner and co-workers,’>16 who have considered a
variable tube diameter. In the next section, we examine
how the tube diameter a can sensibly be expected to
vary from its equilibrium value ay, as a function of the
stretching rate ¢ in region 11.

4. Dynamical Equation

Should the wall of a tube move affinely with the
imposed deformation, which preserves the volume, the
rate of change of the tube diameter a would be (tubes
in region Il are essentially aligned to the stretching
direction):

€
Aaffine = Ea (7)

Because of CCR, which continuously removes ob-
stacles in proportion with ¢, the rate of change of a
(inclusive of CCR effects) will in fact be

aconvective = _ﬁéa (8)

where f is a positive numerical factor, not quite known,
but certainly smaller than 0.5 as CCR works in the
direction of opposing the affine contraction of the tube.
The more effective is CCR, the closer to zero is 5. We
tend to exclude a zero value of 3, however, both because
it implies that CCR completely cancels the affine
contraction, which seems exaggerate, and also because
otherwise a remains constant at the equilibrium value
ap, and we are back to the standard model with no hope
of explaining the experimental evidence.
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No matter what value has f (as long as it is not zero),
eq 8 would predict that the tube diameter a decreases
indefinitely. Conversely, the data of Bach et al.® show
that a steady state is reached, which varies with é¢.
Hence, we argue in the following way.

While a decreases, pressure builds up against the tube
wall as described in the previous section. Such a growing
pressure will eventually stop the contraction process.
When steady state is reached, a force balance may be
written as

kTNbZ(% - %) ~ Hogomeciel ~ E63 (9)
a 0

where we have used eq 3 for the compressive force on
the tube wall, and ¢ is a suitable friction coefficient of
the chain to be discussed below. In the last approximate
equality we have included  in the unknown numerical
coefficient of order unity. The left-hand side of eq 9 is
written as a difference between the existing compressive
force and that at equilibrium so as to obtain a = ag for
a vanishing é. However, as a decreases from the equi-
librium value, the term containing ap, soon becomes
negligible, and eq 9 reduces to the power law:

(kTsz)”“
a~ -
Ce

It is remarkable that a simple balance between the
pressure force F of eq 3 and a friction force of the form
£a provides such a major result, i.e., the prediction that
a should scale as ¢ V4 in steady-state elongational flow.
Indeed, if we replace eq 10 into eq 6, we obtain for the
normal stress difference

(10)

o ~ v(KTNb?¢e)Y? (11)

and the predicted scaling of ¢ with ¢¥2 is in full
agreement with the experiments of Bach et al.

The dependence of o on the polymer molecular mass
M embodied in eq 11 is now examined. The friction
coefficient & of the chain introduced in eq 9 is expected
to be additive over the monomers of the test chain, so
that by considering the friction per monomer (or per
Kuhn segment)

Em = /N 12)
eq 11 is rewritten as
o~ vN(KTb%,.&)"2 = v, (KTb%,&)"*  (13)

where vy, = vN is the number of monomers per unit
volume of the melt, which is independent of M.

The only quantity in the last expression for o that
possibly depends on M is therefore ¢m. In fact, though
defined for a single monomer of the test chain, &y, is not
an ordinary monomeric friction coefficient: {n, refers to
the effective friction encountered in pushing back the
surrounding chains that are squeezing the test chain,
and it seems reasonable to expect that &y, does depend
on the length of the surrounding chains.

To find an expression for &y, we argue as follows. Let
us consider a blob of the test chain of size | (to be
identified below) containing n monomers (n = I9/b?). The
“lateral” diffusion coefficient of this blob is then given
by Dp = KT/n&m = kTb?/12¢m, while the ratio 12/Dy, gives
the time required for the blob to diffuse a distance | into
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the surroundings. On the other hand, in order that the
surrounding chains permanently accommodate the dis-
turbance created by the diffusion step considered (rather
than elastically pushing the blob back), a time of the
order of the Rouse time tr of the surrounding chains
must necessarily elapse. We then equate 12/Dy, to g, and
we obtain for the unknown friction coefficient Cp:

kTb?
Cm ~ |4 TR (14)

Equation 14 in fact relates ¢y, to a similarly unknown
quantity I. Progress has been achieved, however, insofar
as | is independent of M, and hence the dependence of
Cm on molecular mass is identified with that of zg.
Indeed, we interpret | as the characteristic size of local
fluctuations of the tube diameter, which obviously is
independent of M. As mentioned above, such fast
fluctuations are elastically localized, but only up to
times of order 7g, when the retracting motion of the
surrounding chains can accommodate them, and let
them diffuse.

By using eq 14, the expression for stress of eq 13 is
rewritten as

2
o~ v KT ?—z(rRé)“? (15)

which fully reproduces the scaling of o with M observed
by Bach et al. We admit that the argument is not
completely satisfactory, specifically because we do not
precisely know how to calculate the new length I, but
at the moment we are unable to offer anything better.
We expect of course that | falls within the interval b <
I < ap. In fact, on the basis of general fluctuation theory,

we would suggest | ~ ,/ba,,.

In considering eq 15, one should note that, although
in region Il tre is less (possibly much less) than unity,
it is quite conceivable that ¢ comes out greater than the
plateau value of the classical theory, as indeed observed
by Bach et al. To prove this, let us rewrite the “modulus”
in front of the square root term of eq 15 as (Lo is the
equilibrium value of L):

b? Nb?

Lodyg
14 kT—ZZ’VkT—ZZVkT -
| |

I2
2 2
=h) Lol @
(I—z)(VkT a—o) i Oplateau (16)

In the last expression of eq 16, oplateau indicates the
plateau value predicted by the standard model in region
I1. On the other hand, the factor as?/I? in front of it is
certainly larger (possibly much larger) than unity.

We now return to the dynamical equation, eq 9, to
rewrite it for a transient case. For the rate of change of
the tube diameter we would write

m

a® a,’

—éa +

da__ ., KTNb*1 1
da_ ;( ) (17)

The first term on the right-hand side of eq 17 is the
convective forcing term of eq 8 (without the S factor for
simplicity), while the second term describes relaxation
toward equilibrium driven by the compression force. To
extract the characteristic relaxation time of this process,
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we make use of egs 12 and 14 for ¢ and rewrite eq 17
as

3
da_ ., 3[&
G- et o\ 1) (18)
where
a,"
T, = — Tg (29)

Therefore, 7, represents the relaxation time of the
squeezing pressure effect. Notice that, although 7, scales
with M just like the Rouse time of the chain, it does
not coincide with g and is in fact larger by the factor
ag*/1*. Hence, the condition ¢z, ~ 1, determining the
onset of the squeezing effect, is reached at a much lower
stretching rate than ¢7g &~ 1, representing the onset of
chain stretching.

Since the squeezing relaxation time is larger than the
Rouse time, it may well be comparable with the repta-
tion time. However, because the two times scale differ-
ently with the molecular mass, the relation between
them changes with M. We expect 7, > 74 for less
entangled polymers and the opposite situation at high
M.

Before examining the two cases in some detail, we
need to complete the dynamical equation for the tube
diameter, eq 18. Indeed, we have so far ignored that
the chain has an escape possibility, alternative to that
of pushing back the surrounding material. That is, if
the chain reptates out of the squeezed tube fast enough,
the equilibrium diameter ap (created by the chain ends)
is restored. Hence, the dynamical equation for a is
completed by writing

3
) (20)
a’ ) Ty

a,
d_a= —6a+_0
dt T,

where the last term implies (should it prevail) an
exponential relaxation of a toward ap with the reptation
time 74, as it should. (Higher reptation modes and chain
end fluctuations are ignored.)

Here we only consider the steady-state situation,
described by the algebraic equation (replacing eq 9)

3
apla a; —a
—0(—03 - 1) +——=c¢a (21)
Tp a Tq

which defines the function a/ap = f (¢7p,7a/7p). This
function is plotted in Figure 3 for several values of the
ratio tq/tp, both below and above unity. In all cases the
function gives a = ap for small ¢, while at high ¢ it
reduces to the power law

ala, = (¢er,) (22)

which is the same of eq 10. The transition region,
however, is sensitive to the ratio r4/7p, as the departure
of a from the equilibrium value only occurs when ¢
reaches the largest of the two reciprocal times 747! or
7, 1. Hence, at high M where 7, controls, the curve in
Figure 3 becomes independent of M, whereas at low M
where reptation is faster, the transition zone explicitly
depends on M.
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Figure 3. Tube diameter vs elongation rate as predicted by
eq 21. The broken line is the power law of eq 22. Parameter of
the curves is 74/t = 0.03, 0.1, 1, and 10 from top to bottom.
The curve for 74/7, = 10 virtually coincides with the universal
curve at high M.
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Figure 4. Nondimensional stress vs ét, for several values of
the ratio z¢/t, O M. From left to right z4/z, = 10, 3, 1, 0.3,
and 0.1. Tubes become oriented at ¢74 = 1, i.e., at o/0plateau =
1. Although the linear region, the plateau, and the power law
of eq 23 are quantitative, the transition regions between them
are drawn schematically.

The corresponding diagram for the elongational stress
o (made nondimensional by taking the ratio to opiateau)
is sketched in Figure 4. At low stretching rates, the
elongational stress is proportional to ¢ through the
Trouton viscosity. On the other hand, at high ¢, all
curves converge to the power law:

010 patean = (€7,)" (23)

The transition region then must show a quite reach
behavior. Indeed, two physical transitions should be
considered: i.e., the orientational transition that always
occurs at ¢ ~ t4~1, when reptation is frozen and tubes
become oriented to the elongation direction, and the
tube diameter squeezing transition depicted in Figure
3.

The case 74 > 7 (high M) is examined first. For such
a situation, the two transitions occur separately. At ¢
~ 14~ tubes become oriented, but their diameter stays
at the equilibrium value. Hence, the linear behavior of
o controlled by the Trouton viscosity starts yielding to
the plateau value predicted by the standard model for
region I1. Only when ¢ increases up to the value of 7,71
is the transition to the power-law regime of eq 23
approached. (See curves to the left in Figure 4, ap-
proaching the asymptotic straight line of eq 23 from
above.)
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Conversely, for tg < 7, (low M), the two transitions
occur simultaneously. When ¢ ~ 7471 (always corre-
sponding t0 o ~ Opiateau), tubes become oriented to the
elongation direction. At the same stretching rate, how-
ever, since ¢ already is larger than 7,71, the tube
diameter a immediately starts to decrease toward the
power law of eq 22. Correspondingly, o starts approach-
ing eq 23. (See curves to the right in Figure 4, ap-
proaching the asymptote from below.) Notice that, in
this case, it cannot be excluded that the viscosity raises
above the Trouton value in the transition region.

Finally, for 7q =~ 1, the linear regime is expected to
yield immediately to the power law of eq 23. (See middle
curve in Figure 4.) We tend to believe that the PS 200K
data of Bach et al. fall close to the latter situation, while
the PS 390K data correspondingly fall under the case
74 > Tp, for which the 1/, power law is approached from
above. (Compare our Figure 4 with Figure 7 of their

paper.)

5. Quantitative Comparison with the Data of
Bach et al.

We here perform a quantitative comparison with the
data of Bach et al.»® More precisely, since all equations
describing the new effect ignore numerical coefficients
of order unity, the comparison is in fact semiquantita-
tive. The first step will be that of estimating the
unknown new time t,, by fitting the /, power law of eq
23 to the data of Bach et al.

Let us consider the PS200K sample first, for which
Figure 7 of Bach et al. reports the ratio o/G,?, of the
normal stress difference to the plateau modulus as a
function of the stretching rate ¢. Since opjateay and G%
are of comparable magnitude, eq 23 identifies 7, with
the reciprocal of ¢ for which o/G& is nearly unity. From
Figure 7 of Bach et al., we then estimate (at 130 °C)

7,(200K) ~ 10° 5; 7,(390K) ~ 3.4 x 10° s

where the second result is obtained by scaling with M2.

We now compare the estimated values of 7, for the
two polymers with the corresponding reptation times,
reported by Bach et al. These are

7,(200K) = 1040's; 74(390K) = 11.300 s

Notice that, for the 200K sample, it is 7qg ~ 7,, and
correspondingly, it is g > 7p for the 390K sample.
Hence, by recalling the discussion at the end of the
previous section on the transition toward the power law,
we find good agreement of the theoretical prediction
with the behavior shown by the data in Figures 6 and
7 of Bach et al. Indeed, PS200K appears to obey the
power law from the very start, while PS390K shows a
transition region in which the power law is approached
from above.

To proceed, we now need to estimate the Rouse time
of these polymers (not reported in the paper by Bach et
al.). We use the concept that, by extrapolating the zero-
shear viscosity from the entangled region down to the
critical molecular mass M, such extrapolated value also
obeys the Rouse theory, as is typical of low-M melts.
The zero-shear viscosities (at 130 °C) of PS200K and
PS390K are 84 and 755 MPa s, respectively, and scale
with M to the power 3.3.2° Hence, since M, = 35 000,2425
we extrapolate a value of 79(M.) = 0.27 MPa s. Then
using the Rouse relationship tr = (6/72)50/vKT,?®> we
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estimate r(M.) = 1.7 s. Finally, by scaling with M2, we
obtain

74(200K) = 50's; 74(390K) = 200 s

We now examine the problem of the chain stretch that
should take place when ¢ becomes larger than g™t
According to the estimated values of the Rouse time,
chain stretch should begin around ¢ = 0.02 s~ for the
200K polymer and around ¢ = 0.005 s~ for the 390K.
On the other hand, the data of Bach et al. extend up to
nearly 10 times as much for the 200K polymer (and even
20 times for the 390K) without showing any upward
departure from the 1/, power law. In the next section,
we discuss the possibility that the Rouse time as
reported above is overestimated.

We conclude here by estimating the unknown length
I. From the values of 7r and 7, reported above, eq 19
gives

Ia," = 0.05; lla,=0.5

Needless to say, if really 7r is overestimated, then I is
in fact smaller than reported above.

6. Discussion

The first point to be considered is the reason why the
data of Bach et al. do not show any upturn due to chain
stretching, although the data apparently extend up to
values of étr of order 10. As already mentioned in the
previous section, we suspect that rr is overestimated.
Indeed, we have calculated g on the basis of the
classical assumption whereby the extrapolated viscosity
at M. obeys the Rouse theory. On the other hand, there
exists an ever growing evidence that appears to disprove
the assumption.?6=3% The recent molecular dynamics
simulations of Padding and Briels® very clearly show
that the Rouse behavior holds only up to a value of M
that is significantly smaller than the entanglement
molecular mass M and hence much smaller than the
critical mass M. An intermediate regime is found by
them, in which the melt viscosity scales with M€, From
the same results, one estimates (cf. Figure 19 of Padding
and Briels®0) that the melt viscosity at M, is about 5
times larger than the extrapolated Rouse value. This
would imply that the classical assumption overestimates
tr by roughly the same factor.

Leaving aside simulations, and considering real data,
it is recalled that the low-M data (collected at constant
temperature and pressure) are not isofrictional, and
require a free volume correction. After the correction is
made, the low-M data appear to follow the Rouse theory
virtually up to M..2431 However, a detailed description
of how the correction is accomplished3! shows that an
assumption is in fact required and that some conse-
guences of the assumption are not satisfactory. Admit-
tedly,3! the values and trends of some characteristic
parameters come out much different from normal
expectations. It so appears that the correction generat-
ing the Rouse-like behavior of the low-M melts contains
serious uncertainties. On the other hand, older data of
linear viscoelasticity for low-M polystyrene melts3?
explicitly show that the Rouse theory is not fully obeyed.
More specifically, in the w range where Rouse theory
predicts that G' and G" should superimpose on one
another and grow with w2, the data do show a growth
of G' and G” roughly with w2, but G' and G" do not
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superimpose. For M = 10200, i.e. close to Mg, G" in fact
runs higher than G’ by a factor of ca. 3, thus revealing
a much higher effective friction.

In conclusion, the hypothesis that the Rouse time of
the polystyrene melts is in fact significantly smaller
than estimated in the previous section does not appear
implausible, and this might help explaining why the
data of Bach et al., contrary to those of Bhattacharjee
et al.?%21 and of Ye et al.?2 for polystyrene solutions, do
not show any upturn throughout the range of stretching
rates explored.

We now discuss the main hypothesis advanced in this
paper, i.e., the existence of the squeezing pressure effect
generating the 1/, power law regime. In many off-lattice
simulations of polymer melts, where the uncrossability
constraint is enforced through suitable repulsive poten-
tials, interchain contributions to the stress tensor come
out comparable in magnitude to intrachain contribu-
tions arising from the chain connectivity.3334 We believe
that this finding can be translated into the ideas
developed in this paper: indeed, intrachain connectivity
generates the classical chain traction, whereas inter-
chain repulsive interactions correspond to the pressure
effect. It is not clear, however, whether the pressure
effect here proposed also is relevant for the case of
entangled solutions. The existing elongational data for
solutions?°—22 are ambiguous in this regard, as they have
a rather short region Il; i.e., reptation and Rouse times
are close to one another (cf. Figure 1), and therefore a
definite power law regime can hardly be observed. The
existing solution viscosity data in region Il do not obey
the —1 power law predicted by the standard model and,
as emphasized in section 2, are in fact significantly
higher.2° Whether this discrepancy is an indication of
the 1/, slope regime similar to that of Bach et al. is hard
to decide at this stage. On the other hand, even if
additional evidence and a more detailed analysis should
conclude that entangled solutions and melts do not
behave exactly alike, this would not come to a complete
surprise, as other aspects of polymer viscoelasticity also
appear to discriminate between the two conditions.3®

Another important point to be discussed is how the
tube squeezing mechanism here proposed affects the
stress response in flows other than the uniaxial exten-
sion so far considered. It is fair to note that uniaxial
extension is the simplest case to be analyzed, especially
in region Il when tube are all aligned to the same
direction. Already more complicated are other types of
elongational flows (planar and biaxial) that, even when
tubes are well oriented as in region |1, do not enjoy the
uniaxial symmetry. A comparison among different elon-
gational flows is performed in the Appendix, where some
of the numerical coefficients of order unity (ignored in
the main text) are also accounted for. Predictions appear
compatible with the limited experimental data available
in the literature.

Needless to say, although the focus of this paper is
on extensional flows, a very important test of the
proposed mechanism is in the shear case. Here again
the standard model is not fully satisfactory, as it
predicts (in this case as well) that the non-Newtonian
viscosity of monodisperse polymers decreases with
increasing shear rate 7 according to a power law with
a —1 exponent, followed at higher shear rates by an
upturn due to chain stretching. Data, on the other hand,
can be fitted by a power law with a negative exponent
of ca. 0.7—0.8. Here again, the observed y~%7 or y~08
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power laws are usually interpreted as a pretransitional
effect of chain stretching, while they might be indicative
of the pressure effect.

However, shear flow predictions that account for the
tube compression mechanism are not readily obtained,
and work on shear flows is currently in progress. Indeed,
contrary to the elongational case, for which tubes in
region Il are permanently aligned to the stretching
directions (to within fluctuations due to CCR), indi-
vidual tube orientation in a steady shear flow has a
complex time dependence. Shear flow has a rotational
component that makes chains to rotate continuously,
even if macroscopically a steady-state average orienta-
tion is perceived. During rotation, tubes get alterna-
tively squeezed and dilated; hence, average effects are
not easily reckoned. Preliminary calculations indicate
that in the nonlinear range a long transition takes place,
lasting a few decades in y, in which the pressure effect
makes the stress to increase progressively (yet very
mildly) with 7 over and above the CCR plateau, to
approach only eventually a 1/, power law regime similar
to that predicted here for elongational flows.

The complications of the shear case clearly indicate
that a constitutive equation incorporating the tube
squeezing effect is a premature goal. A further compli-
cation is that, once the idea is accepted that the tube
diameter is not a constant, there is no reason to preserve
in general the circular symmetry of the tube cross
section. In other words, elliptical tubes must be consid-
ered,’ as already done in the Appendix to deal with
planar and biaxial elongational flows.

A final remark concerns the stress—optical law, which
has often been tested experimentally and proved to
remain valid well within the range of nonlinear vis-
coelasticity. The question might then arise whether the
introduction of a pressure contribution to the stress
tensor preserves the validity of the stress—optical law.
In fact, we have already addressed this point, directly
for the case of tubes with elliptical cross sections,
showing that the stress—optical law remains fulfilled.36

7. Conclusions

We have shown that recent elongational viscosity data
for entangled monodisperse polystyrene melts,!® exhib-
iting a mysterious 1/, power law with the stretching rate
¢, can be explained within the classical tube theories if
the additional assumption is made that interchain
repulsive interactions are present and that the latter
are equivalent to a thermal pressure exerted by the
chain against the tube wall. The expression used for
that pressure is the classical one for a chain constrained
in a box.23

A simple dynamical equation describing the change
of tube diameter has been proposed, which only applies
to the case where the elongational flow has essentially
aligned the tubes to the stretching direction. From the
analysis a new time constant t, comes out, which scales
with the square of the polymer mass M but is larger
than the Rouse time by the ratio ag*/l4, where aq is the
equilibrium diameter of the tube and I is a measure of
tube diameter fluctuations. The dynamical equation
readily predicts the 1/, power law for the stress and also
describes the transition toward the power law (at least
qualitatively). The observed scaling with M is also fully
explained in terms of z,.

The evidence in favor of the interchain pressure effect
here described is not limited to the data of Bach et al.*®
that, however, effectively stimulated the present work.
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Indeed, it must be admitted that the stress plateau
predicted by CCR in steady shear flows, as well as the
elongational stress plateau of region II, is hardly
observed in a strict sense in any system. In all cases,
stress actually increases with deformation rate, more
or less steeply. It is highly tempting to attribute the
excess stress to the pressure effect. Also, Archer and
co-workers repeatedly reported that relaxation after
large step strains indicates the existence of an inter-
mediate relaxation time between Rouse and repta-
tion.3"38 Of course, whether that indication actually
relates to 7, remains to be ascertained. Further theo-
retical work is obviously required and is in fact in
progress. We also hope that further elongational viscos-
ity data are collected for well-characterized polymer
melts.
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Appendix. Comparison of Uniaxial, Planar, and
Equibiaxial Elongational Flows in Region 11

The limited existing data on the various types of
elongational flows of polymer melts (mostly by Meissner
and co-workers®%40%) seem to indicate that, at equal
values of the stretching rate ¢, the primary normal
stress difference o close to steady-state conditions is
ordered as follows:

= Oequibiaxial

o g (A1)

uniaxial = planar
It appears important, therefore, to verify whether the
ideas presented here predict such an ordering. This is
the more challenging in the context of a theory empha-
sizing tube compression, as the matrices of the elonga-

tional kinematics are given by respectively

-¢/2 0 -¢ 0 0 -2 0 0
0 -¢/2 % 00 0o |0 & o0 (A2)
0 0 ¢ 0 0 ¢ 0 0 ¢
uniaxial planar equibiaxial

showing that the compressive effect (the negative ele-
ments of the matrices) is ordered in the opposite
direction (1, < 1 < 2).

To proceed with the comparison, we need to detail
some of the numerical factors of order unity that we
have ignored so far. In view of the different symmetries
of the various elongational flows, we are also forced to
consider a complication that we could ignore in the
uniaxial case. We have to expect that, in the general
case, the tube cross section becomes elliptical. Specifi-
cally, in planar elongational flow, once the tubes are
aligned to the stretching direction, we expect an ellipti-
cal cross section with the minor axis in the compression
direction and the major axis (probably with the equi-
librium size ap) in the neutral direction. Similarly, in
the so-called equibiaxial case, once the tubes are ran-
domly oriented to all directions of the stretching plane,
the tube cross section is expected to have the minor axis
(smaller than ao) in the compression direction, whereas
the major axis (lying in the stretching plane) is probably
even larger than ap.

Tubes with elliptical cross sections were considered
in a previous paper.3® We rewrite here the expression
for the stress tensor T, reported as eq 11 in that paper:
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T = 20,KT [-(la/2a,4/a,” + 8, %% -
(la/2a/a’+a )9y +
(Iya’ + allaa)220[daa/b’y/a’ + a’] (A3)

Here, X, ¥, 2 indicate a local set of orthonormal (unit)
vectors, where Z is along the tube axis, while X and ¥
lie along the axes of the elliptical cross section, ax and
ay indicating the corresponding tube dimensions. Length
| is that of the tube segment, and [Z--[Cindicates ensemble
average. In all cases considered here, however, a; and
ay are constant in the ensemble, and also | can be taken
as constant with no loss of generality. Hence, eq A3
simplifies to

T= %vkab2 X
1
2a’

X

. 1 . 1 1\ ..

X y

where the ensemble average is preserved only over the
unit vectors, two of which are not constant in the biaxial
case (see below).

Equation A3 was derived under the assumption that
chains are equilibrated within their tubes, which applies
to the present case as well. Notice also that one positive
and two negative terms appear in the expression,
corresponding to traction along the tube axis and
compression on the tube wall, respectively. Positive and
negative terms are complete with their respective nu-
merical coefficients, as they emerge from the equilibri-
um theory. We now specialize eq A4 for the three
different elongational flows.

Uniaxial. In this case the unit vectors are constant
in the ensemble, and because of the uniaxial symmetry,
it is ax = ay = a. Therefore, the single nonzero normal
stress difference o is obtained from eq A4 as

5 b?

Ouniaxial — Tzz - Txx = gvka ; (A5)

Planar. Also in this case the unit vectors are constant
in the ensemble, and we elect X to lie in the compressive
direction, where the tube size ay = a is smallest. In the
neutral direction, along which there is neither compres-
sion nor traction, we will assume ay, = ao. The normal
stress difference that is usually measured is that
between the traction and the compression directions (the
same of the inequality Al). Hence, from eq A4 we obtain

Oplanar = Tzz - Txx =
1 b, ,2a*| 1 b?
21/ka 2 1+ 3 aoz) = 21/ka 2 (A6)

where the latter approximate equality holds true for the
case of interest here, i.e., when a? is much smaller than
the equilibrium value.

Equibiaxial. In this case, only the compressive
direction (X, say) is constant in the ensemble, while y
and 2z are uniformly distributed in the elongational
plane. Hence, we need to calculate the averages ¥y
and (2z0 If v and w are mutually orthogonal unit
vectors fixed in the elongational plane, we readily obtain
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Y9 220 200 + 2y (A7)

so that eq A4 becomes in this case:

L i I B A
3 2a, 2a’ 4a,
L+ L)aw| (as)
2a,” 4a,

The nonzero normal stress difference is obtained as

Obiaxial — Tww - Txx =

2 2
s ol EYR- S e

2
3 22 4ay2 =3m > (A9)

a
where, as before, we have set the smallest tube dimen-
sion ax = a, and the approximate equality holds true
(when a2 becomes much smaller than the equilibrium
value) because, as mentioned above, it is likely that
traction in the y-direction makes ay even larger than
ap.
The values of o in egs A5, A6, and A9 show the correct
ordering as in the inequality Al if the comparison is
made at equal values of a. However, the crucial com-
parison is to be made at equal values of ¢. Hence, we
proceed as follows. Accounting for numerical coefficients,
we rewrite the steady-state force balance of eq 9 that
determines the compressive dimension a of the tube in
each type of flow. In fact, if the unknown influence of
CCR is neglected altogether, we can write a single
equation for all three cases:

1 1 1
ngsz(§ - a—os) = logmel  (AL0)
Here, the aafine term is of course different in the three
cases, whereas the /5 factor of the compressive force is
the same for all of them. Indeed, in the previous
expressions for the stress tensor, the coefficient in the
compressive x-direction is always the same and equal
to vmkTb%6a2. Now, since the number of chains in a slab
of unit area and thickness a is equal to va in all cases
as well, there follows that the compressive force is given
by NkTb?/6a3in all three types of elongational flows.
By using for |aasine] the expressions ¢a/2, ¢a, and 2¢a
for the uniaxial, planar, and equibiaxial case, respec-
tively, we obtain from eq A10 the following power laws:

KTNb?|Y* KTNb?Y4
QAuniaxial — (3—&) ; planar — (G—CG) ;
KTNb?|**
a'equibiaxial = (TCE) (All)

Finally, these expressions are replaced in eqs A5, A6,
and A9, respectively, to yield

5 .
Ouniaxial — gvm(SkaZCme)llz
V2 .
Oplanar — 2 lm(3k-|—b2§m‘5)1/2
2 .
Oequibiaxial = gym(3ka2§m6)U2 (A12)
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where, since it is 5/6 > 1/+/2 > 2/3, the correct ordering
of eq Al is reproduced.
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